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UNIQUE CONTINUATION PROPERTY FOR BIHARMONIC
HYPERSURFACES IN SPHERES
HIBA BIBI, ERIC LOUBEAU, AND CEZAR ONICIUC
Abstract. We study properties of non-minimal biharmonic hypersurfaces of
spheres. The main result is a CMC Unique Continuation Theorem for bihar-
monic hypersurfaces of spheres. We then deduce new rigidity theorems to sup-
port the Conjecture that biharmonic submanifolds of Euclidean spheres must be
of constant mean curvature.
1. Introduction
The study of biharmonic maps was introduced by G.-Y. Jiang in the mid-80’s
and, in [18], he defined biharmonic maps as critical points of the bienergy functional
E2 : C
∞(M,N)→ R, E2(ϕ) =
∫
M
|τ(ϕ)|2 dvg,
as suggested first by J. Eells and L. Lemaire in [14]. Hence, biharmonic maps come
from a variational problem, generalizing the well-known harmonic maps. Using a
simple Bochner formula, G.-Y. Jiang proved that biharmonic maps from a compact
manifold to a non-positively curved space is harmonic, so the first interesting tar-
get manifold is the Euclidean sphere. By definition, biharmonic submanifolds are
isometric immersions which are biharmonic maps.
Independently, in [10], B.-Y. Chen defined biharmonic submanifolds of the Eu-
clidean space as isometric immersions with harmonic mean curvature vector field, or
alternatively, the components of the immersion are biharmonic functions. In [11, 17]
it was proved that biharmonic surfaces in R3 are minimal. This has led to Chen’s
Conjecture [9]: Biharmonic submanifolds of Euclidean spaces are minimal. Some
particular subcases have been proved for example in [1, 13, 16].
For hypersurfaces of the Euclidean sphere, it is natural and useful to split the
Euler-Lagrange equation into its tangential and normal components and to rewrite
the biharmonic equation as follows:{
∆f = (m− |A|2)f
A(grad f) = −m2 f grad f,
see [10, 12, 26] (refer to Section 2 for notations).
The first example of a non-minimal biharmonic hypersurface (due to G.-Y. Jiang
in [18]) is the Generalized Clifford torus Sm1( 1√
2
) × Sm2( 1√
2
) in Sm1+m2+1, with
m1 6= m2. Recall that, when m1 = m2, this Clifford torus is minimal. In [7],
the authors observed that the 45-th parallel Sm( 1√
2
) in Sm+1, which is umbilical, is
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another non-minimal biharmonic hypersurface. These two examples have constant
mean curvature (CMC) and motivate the following Conjecture [4]: Any biharmonic
submanifold in an Euclidean sphere is CMC.
This Conjecture was settled for spheres of dimension 3 in [7] and dimension 4 in
[3]. For arbitrary dimensions, Y. Fu and M.-C. Hong [15] proved the Conjecture
when the scalar curvature is constant and the number of principal curvatures is at
most 6, while S. Maeta and Y.-L. Ou [21] proved it for compact hypersurfaces with
constant scalar curvature. In [19, 20], the authors use new Liouville-type theorems
to prove special cases of the Conjecture.
This paper is a contribution to this Conjecture and gives rigidity results based on
a new technique of unique continuation theorem (UCT). In [5], a similar approach
was used to prove that if a biharmonic map is harmonic on an open subset, then it
must be harmonic everywhere.
Inspired by this work of V. Branding and C. Oniciuc, and relying on the UCT of
N. Aronszajn [2], our objective in this article is not to show minimality, but rather to
prove the weaker condition of CMC. Using a gradient inequality between the norm
of A and the mean curvature we show that, for proper-biharmonic hypersurfaces
(i.e. non-minimal) in a sphere, locally CMC implies globally CMC.
In Section 4, we exploit this UCT property to prove new rigidity results, and
in Theorem 4.1, use an integral condition involving both the scalar and the mean
curvatures to force biharmonic hypersurfaces to be CMC. This extends the main
result of S. Maeta and Y.-L. Ou [21] to non-constant scalar curvature, while relying
on a different technique of proof.
1.1. Conventions. Manifolds will be assumed to be connected, oriented and with-
out boundary, but unless stated explicitly, they are not assumed to be compact or
complete.
Throughout this paper all manifolds, metrics and maps are taken to be of class
C∞, and we adopt the Einstein summation convention.
Let ϕ : Mm → Nn between two Riemannian manifolds, the rough Laplacian
acting on sections of the pullback bundle ϕ−1(TN) is given by
∆ϕ = − trace(∇ϕ)2 = − trace(∇ϕ∇ϕ −∇ϕ∇),
where ∇ϕ is the pullback connection, for functions ∆ = − trace∇ grad .
Our convention for the curvature tensor field is
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ].
2. Preliminaries
Let ϕ :Mm →֒ Sm+1 be a hypersurface, which we assume, without loss of gener-
ality, to be oriented. Let η ∈ C(NM) be a globally defined unit normal vector field
and A the shape operator
Aη(X) = −∇Sm+1X η,
where X ∈ C(TM) and ∇Sm+1 is the Levi-Civita connection on Sm+1. Then, the
mean curvature is
f =
1
m
traceA.
In general, f can take positive and negative values.
Let H = fη be the mean curvature vector field, so that M is minimal when
H = 0.
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The second fundamental form B ∈ C(⊙2T ∗M ⊗NM) is
〈B(X,Y ), η〉 = 〈A(X), Y 〉,
and
τ(ϕ) = traceB = mf η.
It is known that [5, 6], for a proper-biharmonic map ϕ : M → N , the subset
{p ∈M : τ(ϕ)(p) 6= 0} is open and dense in M . Thus,
Ω = {p ∈M : f(p) 6= 0}
is open and dense in M . Note that this subset can have several connected compo-
nents.
Lemma 2.1. (J.-H. Chen [12]) Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hyper-
surface. Then, at points where grad f 6= 0, we have
|A|2 ≥ m
2(m+ 8)
4(m− 1) f
2.
In low dimensions Lemma 2.1 has the following direct consequence.
Proposition 2.2. Let ϕ : Mm →֒ Sm+1 be a proper-biharmonic hypersurface. As-
sume that m = 3 or m = 4, ScalM > m(m−1), then M has constant mean curvature.
Proof. Assume that M does not have constant mean curvature, then there exists
p0 ∈M such that (grad f)(p0) 6= 0. By Lemma 2.1, we have
|A(p0)|2 ≥ m
2(m+ 8)
4(m− 1) f
2(p0).
On the other hand, taking traces in the Gauss Equation (see for example [8]), we
have
ScalS
m+1
= ScalM +|A|2 −m2f2 + 2RicciSm+1(η, η),
where η is the unit normal vector field. Thus we have
|A|2 = m(m− 1) +m2f2 − ScalM ,
as ScalM > m(m− 1) we obtain
m2(m+ 8)
4(m− 1) f
2(p0) ≤ |A(p0)|2 < m2f2(p0)
which forces m = 3 or m = 4.

The conjecture says that any proper-biharmonic hypersurface in Sm+1 has con-
stant mean curvature. When M is compact, this conjecture was proved in several
cases, under additional hypotheses. When M is not compact, and the additional
hypotheses are still satisfied, we only can say that the points where grad f 6= 0, if
they exist, cannot form a set with a simple structure. We present here only one
result of this type.
Proposition 2.3. Let ϕ : Mm →֒ Sm+1 be a proper-biharmonic hypersurface. As-
sume that M does not have constant mean curvature. If |A|2 ≥ m, or |A|2 ≤ m,
then W = {p ∈ M : (grad f)(p) 6= 0} cannot have a connected component W0 with
the following properties:
(1) W0
M
is compact;
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(2) the boundary of W0 in M is a regular (not necessarily connected) hypersur-
face of M ;
(3) there exists an open subset U of M such that W0
M ⊂ U and grad f = 0 on
U\W0.
Proof. Assume that W has a connected component W0 with the above properties
and we argue by contradiction.
Since ∂W0 is a regular hypersurface of M , we have
int(U\W0) = U\W0U = U\W0M = U\(W0 ∪ ∂W0) 6= ∅,
otherwise U = W0 ∪ ∂W0 is closed in M , so U = M , i.e. M = W0 ∪ ∂W0 is a
manifold with boundary; and
int(U\W0)U = U\W0.
On int(U\W0), that may have several connected components, grad f = 0, f 6= 0 and
|A|2 = m.
Assume now that |A|2 ≤ m. It was proved in [12], see also [25, Inequality (1.74)]
that on M we have
1
2
∆(| grad f |2 + m
2
8
f4 + f2) +
1
2
div(|A|2 grad f2) ≤ 8(m− 1)
m(m+ 8)
(|A|2 −m)|A|2f2.
Equivalently,
− divZ ≤ 8(m− 1)
m(m+ 8)
(|A|2 −m)|A|2f2 ≤ 0,(2.1)
where
Z =
1
2
grad(| grad f |2 + m
2
8
f4 + f2)− 1
2
|A|2 grad f2.
Since Z = 0 on int(U\W0), it follows that Z = 0 on U\W0 and so on ∂W0. Integrating
Inequality (2.1) on W0
M
and using the Divergence Theorem, as Z = 0 on ∂W0, we
obtain (|A|2−m)|A|2f2 = 0 on W0M . As in [25], we obtain |A|2 = m on W0, and so
on W0
M
. It follows that ∆f = 0 on W0
M
.
Furthermore, we integrate ∆f2 onW0
M
, and since grad f2 = 0 on ∂W0, we obtain
grad f = 0 on W0
M
which is impossible.
The case |A|2 ≥ m is easy to prove as
1
2
∆f2 = (m− |A|2)f2 − | grad f |2 ≤ 0
on M , and integrating on W0
M
we obtain again grad f = 0 on W0
M
.

In the next section (see Corollary 3.3) we will see that under a stronger hypothesis,
i.e. |A|2 is constant, the points of a non-CMC proper-biharmonic hypersurface where
grad f 6= 0 form an open dense subset of M .
Before stating the last result of this section, we need to recall some well-known
facts about the smoothness of the principal curvatures.
Let ϕ : Mm →֒ Sm+1 be a hypersurface with λ1 ≥ λ2 ≥ · · · ≥ λm its principal
curvatures, i.e. the eigenvalue functions of the shape operator A. The functions λi
are continuous on M for all i = 1, . . . ,m. The set of points where the numbers of
distinct principal curvatures is locally constant is a set MA that is open and dense
inM . On a non-empty connected component ofMA, which is open inMA, and so in
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M , the number of distinct principal curvatures is constant. Thus, the multiplicities
of the principal curvatures are constant, and so, on that connected component, λi’s
are smooth and A is (smoothly) locally diagonalizable (see [23, 28, 29]).
Proposition 2.4. Let ϕ : Mm →֒ Sm+1 be a proper-biharmonic hypersurface. As-
sume that at any point of M the multiplicity of distinct principal curvatures is at
least 2. Then M has constant mean curvature.
Proof. Assume that M is not CMC and denote
W := {p ∈M : (grad f)(p) 6= 0}.
Clearly,W is a non-empty open subset ofM . SinceMA is dense,W∩MA 6= ∅, and so
W intersects a connected component of MA. On that intersection, λi’s are smooth,
i = 1, . . . ,m, and A is smoothly diagonalizable, i.e. A(Ei) = λiEi, i = 1, . . . ,m,
where {Ei}mi=1 is an orthonormal frame field.
From the hypothesis, we can assume for simplicity that λ1 = λ2 = −m2 f and
E1 =
grad f
| grad f | . Since 〈Ea, E1〉 = 0, we have
Eaf = 0, a = 2, . . . ,m.(2.2)
Now, we use the connection equations with respect to the frame field {Ei}mi=1,
∇EiEj = ωkj (Ei)Ek,
and we rewrite the Codazzi equation
(∇EiA)(Ej) = (∇EjA)(Ei)
as
(Eiλj)Ej +
m∑
k=1
(λj − λk)ωkj (Ei)Ek = (Ejλi)Ei +
m∑
k=1
(λi − λk)ωki (Ej)Ek.(2.3)
For i = 1 and j = 2 we obtain
(E1λ2)E2 +
m∑
k=1
(λ2 − λk)ωk2 (E1)Ek = (E2λ1)E1 +
m∑
k=1
(λ1 − λk)ωk1 (E2)Ek.
=
m∑
k=1
(λ1 − λk)ωk1 (E2)Ek.(2.4)
Furthermore, we take the scalar product of the above relation with E2, and we
obtain
E1λ2 = E1λ1 = 0,
i.e. E1f = 0. Thus, from Equation (2.2) we conclude that grad f = 0 which is
impossible.

3. The unique continuation theorem
Very little is known on the local properties, in particular analytical ones, of bi-
harmonic submanifolds in Euclidean spheres.
An essential tool in the analysis of PDE’s is a unique continuation property, which
we establish in Theorem 3.1 under a global condition on the gradients of the norm
of the shape operator and mean curvature.
The objective here departs from [5] as the conclusion is that the manifold has
constant mean curvature, instead of the stronger condition of minimality, but the
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method is similar and is based on Aronszajn’s unique continuation theorem of 1957
[2].
In Corollaries 3.3 and 3.4, the main hypothesis of Theorem 4.1 is replaced by
more geometrical constraints and allows to extend known results from the compact
to the non-compact cases.
Theorem 3.1. Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hypersurface. Assume
that there exists a non-negative function h on M such that | grad |A|2| ≤ h | grad f |
on M. If grad f vanishes on a non-empty open connected subset of M, then M has
constant mean curvature.
Proof. Denote by V the non-empty open connected subset of M where grad f = 0.
Consider the subset
A0 := {p ∈M : (grad f)(p) = 0}.
It is clear that A0 is closed, intA0 6= ∅ and intA0 may have several connected
components. Indeed, A0 = (grad f)
−1({0}) where {0} is closed in TM as being the
zero section, and grad f :M → TM is continuous, thus A0 is closed, and since V is
a non-empty open subset of A0, we obtain intA0 is also non-empty.
Assume that ∂(intA0) = ∅. Then
∅ = ∂(intA0)
= (intA0)
M ∩ (M\ intA0)M
= (intA0)
M ∩ (M\ intA0).
Now, as ∅ = (intA0)M ∩ (M\ intA0), we obtain (intA0)M ⊂ intA0 which implies
that (intA0)
M
= intA0, thus intA0 is closed inM. But intA0 is non-empty open and
M is connected, we conclude that intA0 = M , so intA0 = A0 = M and grad f = 0
on M.
Assume now that ∂(intA0) 6= ∅, we will obtain a contradiction. Let p0 ∈ ∂(intA0),
∂(intA0) = (intA0)
M\ intA0, necessarily p0 /∈ intA0. Let U be an open subset
containing p0, then U ∩ intA0 6= ∅.
On the other hand, we have
p0 ∈ ∂(intA0) ⊂ ∂A0,
so
p0 ∈ ∂A0 = ∂(M\A0).
Since A0 is closed in M, then M\A0 is non-empty open in M, and so p0 /∈ M\A0.
Of course, p0 ∈ (M\A0)M implies that U ∩ (M\A0) 6= ∅.
In conclusion:
(1) U ∩ intA0 is a non-empty open subset of intA0 that does not contain p0, so
there exists a non-empty open subset on which grad f = 0.
(2) U ∩ (M\A0) is a non-empty open subset that does not contain p0, and
is included in M\A0, so there exists a non-empty open subset on which
grad f 6= 0 at any point.
Let (U, xi)i=1,...,m be a local chart on M around p0 ∈ ∂(intA0). Consider an open
connected subset D in M containing p0, such that D
M
is compact and D
M ⊂ U .
Note that D also contains a non-empty open subset where grad f = 0 everywhere,
and a non-empty open subset where grad f 6= 0 at any point.
As usual, we identify grad f ∈ C(TM) with dϕ(grad f) ∈ C(ϕ−1TSm+1), or
d(i ◦ ϕ)(grad f) ∈ C((i ◦ ϕ)−1TRm+2),
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where i : Sm+1 →֒ Rm+2 is the canonical inclusion. Let us write grad f = uαeα,
where uα ∈ C∞(M), ∀α = 1, . . . ,m + 2, and {eα}m+2α=1 is the canonical basis in
Rm+2. For all α = 1, . . . ,m+ 2, the function uα vanishes on V .
As ϕ is biharmonic, we have
∆f = (m− |A|2)f,
and taking its differential we obtain
d∆f = (m− |A|2)df − fd(|A|2),(3.1)
hence, by the musical isomorphism:
(d∆f)♯ = [(m− |A|2)df − fd(|A|2)]♯,
Since (df)♯ = grad f and d∆Hodge = ∆Hodged, we can rewrite Equation (3.1) as
(
∆Hodge(df)
)♯
= (m− |A|2) grad f − f grad |A|2.
On the other hand, by the Weitzenbock formula(
∆Hodge(df)
)♯
= − trace ∇2 grad f +RicciM (grad f),
thus
− trace ∇2 grad f = −RicciM (grad f) + (m− |A|2) grad f − f grad |A|2.(3.2)
As RicciM (grad f) = RicciM (uαeα) and
grad f = uαeα = u
α(e⊥α + e
T
α) = u
αeTα ,
where e⊥α and eTα are the normal and the tangential components to M of eα in Rm+2
respectively, we obtain
RicciM (grad f) = RicciM (uαeTα ) = u
αRicciM (eTα ).(3.3)
On U , we combine the second fundamental forms of M in Sm+1 and Sm+1 in Rm+2
to compute
∇M∂
∂xi
grad f = ∇Sm+1∂
∂xi
grad f − B
( ∂
∂xi
, grad f
)
= ∇Rm+2∂
∂xi
grad f +
〈 ∂
∂xi
, uαeTα
〉
r −B
( ∂
∂xi
, grad f
)
= ∇Rm+2∂
∂xi
(uαeα) +
〈 ∂
∂xi
, uαeTα
〉
r −B
( ∂
∂xi
, uαeTα
)
=
∂uα
∂xi
eα + u
α∇Rm+2∂
∂xi
eα + u
α
〈 ∂
∂xi
, eTα
〉
r − uαB
( ∂
∂xi
, eTα
)
=
∂uα
∂xi
eα + u
α
〈 ∂
∂xi
, eTα
〉
r − uαB
( ∂
∂xi
, eTα
)
=
∂uα
∂xi
eTα ,
where r is the position vector field on Rm+2. Put
Yi =
∂uα
∂xi
eTα .
For our purposes, it is convenient to write Yi as
Yi =
∂uα
∂xi
eα + u
αZα,i,
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where
Zα,i =
〈 ∂
∂xi
, eTα
〉
r −B
( ∂
∂xi
, eTα
)
is a vector field normal to M in Rm+2.
We repeat this process to obtain, on U , the second derivatives of grad f ,
∇M∂
∂xi
∇M∂
∂xj
grad f = ∇M∂
∂xi
Yj
= ∇Rm+2∂
∂xi
Yj +
〈 ∂
∂xi
, Yj
〉
r −B
( ∂
∂xi
, Yj
)
= ∇Rm+2∂
∂xi
{∂uα
∂xj
eα + u
αZα,j
}
+
〈 ∂
∂xi
, Yj
〉
r −B
( ∂
∂xi
, Yj
)
=
∂2uα
∂xi∂xj
eα +
∂uα
∂xi
Zα,j + u
α∇Rm+2∂
∂xi
Zα,j +
〈 ∂
∂xi
, Yj
〉
r(3.4)
−B
( ∂
∂xi
, Yj
)
.
To compute ∇M∇M
∂
∂xi
∂
∂xj
grad f, on U , we have
∇M∇M
∂
∂xi
∂
∂xj
grad f = ∇Rm+2∇M
∂
∂xi
∂
∂xj
grad f +
〈
∇M∂
∂xi
∂
∂xj
, grad f
〉
r −B
(
∇M∂
∂xi
∂
∂xj
, grad f
)
=
[(
∇M∂
∂xi
∂
∂xj
)
uα
]
eα + u
α
〈
∇M∂
∂xi
∂
∂xj
, eTα
〉
r − uαB
(
∇M∂
∂xi
∂
∂xj
, eTα
)
=
[(
∇M∂
∂xi
∂
∂xj
)
uα
]
eα + u
α Wα,ij ,(3.5)
where
Wα,ij =
〈
∇M∂
∂xi
∂
∂xj
, eTα
〉
r −B
(
∇M∂
∂xi
∂
∂xj
, eTα
)
is a vector field normal to M in Rm+2.
Replacing (3.4) and (3.5) in (3.2), and using (3.3), we obtain
(∆uα) eα − gij ∂u
α
∂xi
Zα,j − gij
〈 ∂
∂xi
, Yj
〉
r + gijB
( ∂
∂xi
, Yj
)
− gijuα∇Rm+2∂
∂xi
Zα,j
+gijuα Wα,ij = −uαRicciM (eTα) + (m− |A|2)uαeTα − f grad |A|2,
so
(∆uα) eα = g
ij ∂u
α
∂xi
Zα,j + g
ij
〈 ∂
∂xi
, Yj
〉
r − gijB
( ∂
∂xi
, Yj
)
(3.6)
+ gijuα∇Rm+2∂
∂xi
Zα,j − gijuα
〈
∇M∂
∂xi
∂
∂xj
, eTα
〉
r
+gijuαB
(
∇M∂
∂xi
∂
∂xj
, eTα
)
− uαRicciM (eTα) + (m− |A|2)uαeTα
− f grad |A|2.
But
gij
〈 ∂
∂xi
, Yj
〉
r = gij
∂uα
∂xj
〈 ∂
∂xi
, eTα
〉
r,(3.7)
and
gij B
( ∂
∂xi
, Yj
)
= gij
∂uα
∂xj
B
( ∂
∂xi
, eTα
)
,(3.8)
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so replacing (3.7) and (3.8) in (3.6) we obtain
(∆uα) eα = g
ij ∂u
α
∂xi
Zα,j + g
ij ∂u
α
∂xj
〈 ∂
∂xi
, eTα
〉
r − gij ∂u
α
∂xj
B
( ∂
∂xi
, eTα
)(3.9)
+ gijuα∇Rm+2∂
∂xi
Zα,j − gijuα
〈
∇M∂
∂xi
∂
∂xj
, eTα
〉
r + gijuαB
(
∇M∂
∂xi
∂
∂xj
, eTα
)
− uαRicciM (eTα ) + (m− |A|2)uαeTα − f grad |A|2.
Thus each term on the right-hand side of Equation (3.9), except for the last one,
contains either ∂u
α
∂xi
or uα.
By the triangle inequality
|∆uα0 | ≤ |(∆uα)eα|,
and since all functions and vector fields are smooth on U , they are bounded on D
M
,
and so, on D. Using the hypothesis and standard inequalities, we obtain
|∆uα0 | ≤ C
(∑
α,i
∣∣∣∂uα
∂xi
∣∣∣+∑
α
|uα|
)
on D. Since uα is zero on a non-empty open subset of D, by Aronszajn’s unique
continuation principle we deduce that uα is equal to zero on D, and thus grad f
vanishes on D. This is impossible, hence the assumption ∂(intA0) 6= ∅ is false. In
conclusion, ∂(intA0) = ∅, and so grad f vanishes on the whole of M .

Theorem 3.1 can be rephrased as follows:
Corollary 3.2. Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hypersurface. Assume
that there exists a non-negative function h on M such that | grad |A|2| ≤ h| grad f |
on M . Then, either M has constant mean curvature, or the set of points where
grad f 6= 0 is an open dense subset of M .
Proof. Assume that M is not CMC. Let
W := {p ∈M : (grad f)(p) 6= 0},
be a non-empty open subset in M . Assume that W
M
 M, then V = M \WM
is a non-empty, open subset of M and grad f |V = 0, therefore f is constant on a
connected component V1 of V . As f is constant on V1 and | grad |A|2| ≤ h | grad f |
overM , by Theorem 3.1 we deduce that f is constant onM , which is a contradiction,
therefore
W
M
=M.

The hypothesis on the existence of the function h in Theorem 3.1 can be obtained
under natural conditions on |A|2 or the scalar curvature of M .
Corollary 3.3. Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hypersurface with |A|2
constant. Then, either M has constant mean curvature, or the set of points where
grad f 6= 0 is an open dense subset of M .
Proof. As |A|2 is constant, the condition | grad |A|2| ≤ h | grad f | on M is automat-
ically satisfied, thus, by Corollary 3.2 we conclude.

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Corollary 3.4. Let ϕ : Mm →֒ Sm+1 be a proper-biharmonic hypersurface with
constant scalar curvature. Then, either M has constant mean curvature, or the set
of points where grad f 6= 0 is an open dense subset of M .
Proof. By Proposition 2.2 we have
|A|2 = m(m− 1) +m2f2 − ScalM ,
which implies
| grad |A|2| = 2m2|f | | grad f |.
Therefore, the condition
| grad |A|2| ≤ h| grad f |
holds on M and we apply Corollary 3.2 to conclude.

Remark 3.5.
(1) Corollaries 3.3 and 3.4 are meaningful because M is not assumed to be
compact:
(a) A direct consequence of J.-H. Chen’s result is that if M is compact
and |A|2 is constant, then grad f vanishes on the whole manifold M(see
[25]).
(b) If M is compact and its scalar curvature is constant, Maeta and Ou
show in [21] that f is constant.
Therefore, Corollaries 3.3 and 3.4 can be seen as extensions of results in [21]
and [25], because they show that if f is constant on a non-empty open subset
of M then f is constant on M .
(2) Theorem 3.1 is meaningful even in the compact case.
(3) Consider ϕ : Mm →֒ Nm+1(c), (c ≤ 0) a proper-biharmonic hypersurface.
Assume that grad f vanishes on an open subset. Then, it follows that f is
constant on an open (connected) subset. But, as c ≤ 0, the constant has to
be zero (see [26] for a more general statement), so ϕ is harmonic on an open
subset, therefore on the whole manifold M .
As a direct application of Corollary 3.4 we can give the following result.
Proposition 3.6. Let ϕ : Mm →֒ Sm+1 be a proper-biharmonic hypersurface with
constant scalar curvature. Assume that there exists a connected component of MA
where the number of distinct principal curvatures is at most six. Then M has constant
mean curvature.
Proof. Let U be a connected component of MA. The number of distinct principal
curvatures is constant and at most 6.
As ScalM is constant, by Theorem 1.1 of [15] we obtain that f is constant on U .
On the other hand, by Corollary 3.4, we deduce that f is constant on M .

Corollary 3.7. Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hypersurface. Assume
that there exists a non-negative function h such that | grad |A|2| ≤ h| grad f |, and
M is not CMC. Denote by U an open connected component of MA. Then, on U we
have:
(1) −m2 f is a principal curvature with multiplicity equal to 1;
(2) grad f| grad f | is a vector field defined on an open dense subset of U and its integral
curves are geodesics;
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(3) the number of distinct principal curvatures is at least 3 and |A|2 > m2(m+8)4(m−1) f2
on an open dense subset of U(see [4]).
Proof. Since M does not have constant mean curvature, by Corollary 3.2 we deduce
that the points of U where grad f 6= 0 form an open dense subset of U . Now, by
continuity we obtain −m2 f = λi0 , for some i0, on U , and by Proposition 2.4 we
obtain that the multiplicity of λi0 is 1.
Furthermore, for simplicity, we consider i0 = 1, and work on an open connected
subset of U where grad f 6= 0 at any point. We have E1 = grad f| grad f | and taking the
inner product of Equation (2.3) with E1 for i = 1 and j = a we obtain
ωa1(E1) = 0,
and thus ∇E1E1 = 0.
If the number of distinct principal curvatures is at most 2 then U is CMC (see
[4]). As J.-H. Chen’s Inequality is based on the Cauchy-Schwarz Inequality applied
to the principal curvatures, we have a strict inequality.

Remark 3.8. We note that the distribution orthogonal to that determined by
grad f
| grad f | is completely integrable. The level hypersurfaces of the mean curvature
f have flat normal connection as submanifolds in Sm+1 of codimension 2 (see [22,
Theorem 1.40]).
Corollary 3.2 allows the re-writing of some known results replacing their global
hypothesis with local variants.
Corollary 3.9. Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hypersurface. Assume
that | grad |A|2| ≤ h | grad f | on M, where h is a non-negative function on M . If M
is not CMC, then J.-H. Chen’s Inequality
|A|2 ≥ m
2(m+ 8)
4(m− 1) f
2(3.10)
is valid everywhere on M.
Proof. Inequality (3.10) holds on W , and we conclude by continuity.

J.-H. Chen’s Inequality enables us to obtain a more geometric version of Theo-
rem 3.1.
Theorem 3.10. Let ϕ :Mm →֒ Sm+1 be a proper-biharmonic hypersurface. Assume
that f2 > 4(m−1)
m(m+8) . If grad f vanishes on a non-empty open connected subset of M,
then M has constant mean curvature.
Proof. Let us denote
A0 := {p ∈M : (grad f)(p) = 0}.
In the proof of Theorem 3.1 we have shown that A0 is a closed subset of M , intA0 6=
∅, and if ∂(intA0) = ∅ then grad f vanishes on M .
As in the proof of Theorem 3.1, assume that ∂(intA0) 6= ∅, to reach a contradic-
tion. Let p0 ∈ ∂(intA0), it follows that there exists a sequence of points {p1n}n∈N∗
converging to p0, p
1
n 6= p0 and p1n ∈ intA0 for any n ∈ N∗, and there exists a se-
quence of points {p2n}n∈N∗ , that converges to p0, p2n 6= p0 and (grad f)(p2n) 6= 0 for
any n ∈ N∗.
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From Lemma (2.1) we have
|A|2(p2n) ≥
m2(m+ 8)
4(m− 1) f
2(p2n), ∀n ∈ N∗.(3.11)
Now, each connected component of intA0 is open in intA0 and so in M. Thus, on
each connected component of intA0 the function f is constant. But the constant
cannot be zero as ϕ is not harmonic and so |A|2 = m. In conclusion, we have
|A|2 = m on intA0 and
|A|2(p1n) = m, ∀n ∈ N∗.(3.12)
Passing to the limit in (3.11) and (3.12) we obtain
m = |A|2(p0) ≥ m
2(m+ 8)
4(m− 1) f
2(p0),
thus
f2 ≤ 4(m− 1)
m(m+ 8)
which is impossible. 
Remark 3.11. Compare the above result with [25, Proposition 1.38 and Corollary
1.40].
4. Rigidity results for biharmonic hypersurfaces
The unique continuation properties of Section 2 can be exploited to obtain new
rigidity results. Theorem 4.1 relies essentially on the combination of the Bochner
formula applied to the vector field grad f and the J.-H. Chen’s Inequality, made
possible thanks to Corollary 3.9, while Theorem 4.2 is a more technical alternative
which puts together a bound on the Ricci curvature and an averaged version of the
condition of [25, Proposition 1.38].
Theorem 4.1. Let ϕ :Mm →֒ Sm+1 be a compact proper-biharmonic hypersurface.
Assume that | grad |A|2| ≤ h | grad f | on M , where h a non-negative function on M ,
ScalM ≥ 0 and ∫
M
[
m(m+ 8)f2 − 4(m− 1)
]
ScalM f2 dvg ≥ 0.(4.1)
Then M has constant mean curvature.
Proof. Assume that M does not have constant mean curvature, we will argue by
contradiction.
Starting with the Bochner Formula (see for example [27]), we have
−1
2
∆| grad f |2 = |∇df |2 − 〈grad∆f, grad f〉+RicciM (grad f, grad f).
Now, by the Gauss Equation, we get
(4.2)
RicciS
m+1
(grad f, grad f) = RicciM (grad f, grad f) + |A(grad f)|2
−mf〈A(grad f), grad f〉+RSm+1(grad f, η, grad f, η),
where η is the unit normal vector field.
On the other hand, we have
RicciS
m+1
(grad f, grad f) = m| grad f |2.
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Now, since M is a biharmonic submanifold of Sm+1,
A(grad f) = −m
2
f grad f,
|A(grad f)|2 = m
2
4
f2| grad f |2,
−mf〈A(grad f), grad f〉 = m
2
2
f2| grad f |2.
Thus, using Equation (4.2) we deduce that
RicciM (grad f, grad f) =
(
m− 1− 3m
2
4
f2
)
| grad f |2.
Denote the scalar curvature ScalM by s. We have
|A|2 = m(m− 1) +m2f2 − s.
As ϕ is biharmonic, we have
∆f = (m− |A|2)f,
thus
grad∆f = grad[(m− |A|2)f ]
= m grad f − f grad |A|2 − |A|2 grad f
= m grad f − f grad(m2f2 − s)− |A|2 grad f
= m grad f − 2m2f2 grad f + f grad s− |A|2 grad f
= (m− 2m2f2 − |A|2) grad f + f grad s.
On the other hand, for a local orthonormal frame field {ei}mi=1,
|∇df |2 =
m∑
i,j=1
(
∇df(ei, ej)
)2
≥
m∑
i=1
(
∇df(ei, ei)
)2
≥ 1
m
( m∑
i=1
∇df(ei, ei)
)2
≥ 1
m
(∆f)2.
Now
−1
2
∆| grad f |2 ≥ 1
m
(∆f)2 − 〈(m− 2m2f2 − |A|2) grad f + f grad s, grad f〉
+
(
m− 1− 3m
2
4
f2
)
| grad f |2
≥ 1
m
(∆f)2 +
(
|A|2 + 5m
2
4
f2 − 1
)
| grad f |2 − f〈grad s, grad f〉.
We have
1
m
∫
M
(∆f)2 dvg =
1
m
∫
M
(∆f)(∆f) dvg
= − 1
m
∫
M
(∆f) div(grad f) dvg,
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and using the Divergence Theorem we obtain
1
m
∫
M
(∆f)2 dvg =
1
m
∫
M
〈grad∆f, grad f〉 dvg
= − 1
m
∫
M
(|A|2 + 2m2f2 −m)| grad f |2 dvg
+
1
m
∫
M
f〈grad s, grad f〉 dvg.
Integrating the Bochner Formula over M and using the Divergence Theorem, we get
0 ≥ − 1
m
∫
M
(|A|2 + 2m2f2 −m)| grad f |2 dvg + 1
m
∫
M
f〈grad s, grad f〉 dvg
+
∫
M
(|A|2 + 5m24 f2 − 1)| grad f |2 dvg −
∫
M
f〈grad s, grad f〉 dvg
≥
∫
M
[(
1− 1
m
)
|A|2 +
(
− 2
m
+ 54
)
m2f2
]
| grad f |2 dvg(4.3)
+
(1−m
m
)∫
M
f〈grad s, grad f〉 dvg.
To obtain a lower bound of the first term, we need Corollary 3.9 and we apply it to
Equation (4.3) to obtain
0 ≥
∫
M
[(
m−1
m
)(
m2(m+8)
4(m−1)
)
f2 +
(
5m−8
4m
)
m2f2
)]
| grad f |2 dvg
+
(1−m
2m
)∫
M
〈grad s, grad f2〉 dvg
≥
∫
M
[
m(m+8)
4 f
2 + m(5m−8)4 f
2
]
| grad f |2 dvg +
(1−m
2m
)∫
M
s∆f2 dvg
≥ 3m
2
2
∫
M
f2| grad f |2 dvg +
(1−m
2m
)∫
M
s∆f2 dvg.
Now, we have
∆f2 = 2
(
(m− |A|2)f2 − | grad f |2
)
,
thus
3m2
2
∫
M
f2| grad f |2 dvg +
(1−m
2m
)∫
M
2s
[
(m− |A|2)f2 − | grad f |2
]
dvg
=
3m2
2
∫
M
f2| grad f |2 dvg +
(1−m
m
)∫
M
s(m− |A|2)f2 dvg
+
(m− 1
m
)∫
M
s| grad f |2 dvg.
Using Corollary 3.9 and the fact that s ≥ 0, we obtain
0 ≥ 3m
2
2
∫
M
f2| grad f |2 dvg + (1−m)
∫
M
sf2 dvg
+
m(m+ 8)
4
∫
M
sf4 dvg +
(m− 1
m
) ∫
M
s| grad f |2 dvg.(4.4)
Now as s ≥ 0, we obtain ∫
M
s| grad f |2 dvg ≥ 0(4.5)
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Then from Inequality (4.4) we have
(4.6)
0 ≥ 3m
2
2
∫
M
f2| grad f |2 dvg + (1−m)
∫
M
sf2 dvg +
m(m+ 8)
4
∫
M
sf4 dvg.
Multiplying Inequality (4.6) by 4, we obtain
0 ≥ 6m2
∫
M
f2| grad f |2 dvg +
∫
M
[
4(1−m) +m(m+ 8)f2
]
sf2 dvg.
Now as
∫
M
[4(1 −m) +m(m+ 8)f2]sf2 dvg ≥ 0 we obtain
0 ≥ 6m2
∫
M
f2| grad f |2 dvg +
∫
M
[
4(1 −m) +m(m+ 8)f2
]
sf2 dvg ≥ 0,
by the sandwich rule we conclude that
6m2
∫
M
f2| grad f |2 dvg +
∫
M
[
4(1 −m) +m(m+ 8)f2
]
sf2 dvg = 0.
Hence, at every point of M , f2| grad f |2 = 0 which implies that, at each point of M
f = 0 or grad f = 0.
Let p ∈M such that (grad f)(p) 6= 0, then f = 0 around p, thus grad f = 0 at p,
which is a contradiction. Therefore, grad f = 0 at each point p, which implies that
f is constant everywhere on M , and contradicts our assumption.

A weaker version of Theorem 4.1 can be formulated, replacing the condition on
the scalar curvature by a combination of two lower bounds on the Ricci and scalar
curvature, and an inequality involving the average of the mean curvature.
Theorem 4.2. Let ϕ :Mm →֒ Sm+1 be a compact proper-biharmonic hypersurface.
Assume that there exist a non-negative function h on M such that | grad |A|2| ≤
h | grad f | on M , and a real number a > 0 such that:
(1) RicciM (X,X) ≥ a > 0, for all X ∈ TpM, |X| = 1 and for all p ∈M ;
(2)
∫
M
[m2(m+ 8)af2 − 4(m− 1)s]f2 dvg ≥ 0.
Then M has constant mean curvature.
Proof. Proceeding in the exact same way as in the proof of the previous theorem,
we reach
0 ≥ 3m
2
2
∫
M
f2| grad f |2 dvg + (1−m)
∫
M
sf2 dvg
+
m(m+ 8)
4
∫
M
sf4 dvg +
(m− 1
m
) ∫
M
s| grad f |2 dvg.(4.7)
To control the terms in f2, for the Hilbert space L2(M), we consider an orthonor-
mal basis {fi}∞i=0 of C∞(M)-eigenfunctions of the Laplacian, i.e. ∆fi = λifi, where
λ0 = 0 < λ1 ≤ λ2 ≤ · · · , and
∫
M
fifj dvg = δij .
Let f ∈ C∞(M), then f =∑∞i=0 µifi, where f0 = 1√Vol(M) and µ0 = 1√Vol(M)
∫
M
f dvg.
Then ∫
M
f2 dvg =
∞∑
i=0
µ2i .
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Also,
∆f =
∞∑
i=0
λiµifi =
∞∑
i=1
µiλifi,
so we have ∫
M
f∆f dvg =
∞∑
i=1
λiµ
2
i
≥ λ1
∞∑
i=1
µ2i = λ1
( ∫
M
f2 dvg − µ20
)
.
But ∫
M
f∆f dvg =
∫
M
| grad f |2 dvg,
so ∫
M
| grad f |2 dvg ≥ λ1
[ ∫
M
f2 dvg − 1
Vol(M)
( ∫
M
f dvg
)2]
.
Now, by Obata [24], RicciM (X,X) ≥ a|X|2 > 0 implies that λ1 ≥ mam−1 . Since
s ≥ ma, we have∫
M
s| grad f |2 dvg ≥ ma
∫
M
| grad f |2 dvg(4.8)
≥ m
2a2
m− 1
[ ∫
M
f2 dvg − 1
Vol(M)
( ∫
M
f dvg
)2]
.
Then from Inequality (4.7)
0 ≥ 3m
2
2
∫
M
f2| grad f |2 dvg + (1−m)
∫
M
sf2 dvg +
m(m+ 8)
4
∫
M
sf4 dvg
+ ma2
∫
M
f2 dvg − ma
2
Vol(M)
(∫
M
f dvg
)2
,(4.9)
and multiplying Inequality (4.9) by 4, and using s ≥ ma we obtain
0 ≥ 6m2
∫
M
f2| grad f |2 dvg + 4(1−m)
∫
M
sf2 dvg +m
2(m+ 8)a
∫
M
f4 dvg
+ 4ma2
∫
M
f2 dvg − 4ma
2
Vol(M)
( ∫
M
f dvg
)2
≥ 6m2
∫
M
f2| grad f |2 dvg + 4
∫
M
[
(1−m)s+ma2
]
f2 dvg
+ m2(m+ 8)a
∫
M
f4 dvg − 4ma
2
Vol(M)
(∫
M
f dvg
)2
.
Now, using the Cauchy-Schwarz Inequality, we obtain
0 ≥ 6m2
∫
M
f2| grad f |2 dvg
+
∫
M
[
4(1−m)s+ 4ma2 + m2(m+ 8)af2 − 4ma2
]
f2 dvg.
By Condition 2 we conclude that
6m2
∫
M
f2| grad f |2 dvg +
∫
M
[
4(1 −m)s+ m2(m+ 8)af2
]
f2 dvg = 0,
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to prove Theorem 4.2.

Remark 4.3. The conditions in Theorems 4.1 and 4.2 are satisfied by the 45th-
parallel Sm( 1√
2
) →֒ Sm+1 (m ≥ 2) since Scal = 2m(m− 1), f2 = 1 and we can take
a = 2(m− 1).
The generalized Clifford torus Sm1( 1√
2
)×Sm2( 1√
2
) →֒ Sm+1 (m1 < m2) has Scal =
2m1(m1 − 1) + 2m2(m2 − 1), and f2 =
(
m1−m2
m1+m2
)2
, by straightforward calculations
it satisfies Condition 4.1 in Theorem 4.1 if and only if m1 ∈
[
1, m2 −
√
m(m−1)
m+8
]
,
(m = m1 + m2) which includes m2 ≥ 2m1 + 2. For m large enough, there always
exist Clifford tori satisfying the conditions of Theorem 4.2, for a = 2(m1−1),m1 ≥ 2.
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